I. Introduction F
ORMATION-FLYING spacecraft refers to a set of spacecraft capable of interacting and cooperating with one another. 1 A major component of formation-flying research is the development of collision-free trajectory generation algorithms. 2, 3 This Note presents a method for the generation of energy suboptimal, collisionfree, reconfiguration trajectories for formations flying in deep space (gravity-free environment). The main idea is to introduce a set of waypoints through which these trajectories pass and to assume that the trajectories are piecewise cubic polynomials. The resulting optimization problem has a quasi-quadratic structure in the waypoints parameters. Gradient-based algorithms, which exploit this structure, are developed for the solution. Examples show that this methodology is very efficient and fast.
II. Statement of the Problem
The spacecraft are modeled as point masses in a gravity-free environment, acted upon only by internally generated forces. Let the maneuver time (the same for all spacecraft) be called T , N be the number of spacecraft, and r l , v l , a l , l = 1, . . . , N , be the position, velocity, and acceleration vectors of spacecraft l with respect to an inertial reference frame. The equations of motion and the terminal conditions are as follows:
where r l 0 , v l 0 , r l T , v l T are the initial and final conditions and t is the time.
The collision-avoidance constraints are specified in terms of the forbidden spheres associated with the spacecraft:
where R l is the radius of the forbidden sphere of spacecraft l. The objective is to find a l (t), t ∈ [0, T ], l = 1, . . . , N , such that the µ energy expended,
where
is minimized and the collisions-avoidance constraints (2) are respected.
III. Solution Approach

A. Energy Optimal Trajectories for Given Waypoints
Lemma: Consider one spacecraft (N = 1,
be a sequence of waypoints specifying time, position, and spacecraft velocity, with t j < t j + 1 . Let r (t) denote C 1 trajectories going through these waypoints. Then the unique C 1 class trajectory going through these waypoints that minimizes J µ is given by
(See Sultan et al. 4 for c j and d j formulas.)
B. Quasi-Quadratic Optimization Problem
Consider now N spacecraft and assume that for each spacecraft l, M l + 2 waypoints are introduced. Our method requires that each spacecraft follows the individual energy optimal trajectory described by Eq. (4). Next we introduce the dimensionless time ς = t/T , ς ∈ [0, 1], and treat the reconfiguration duration T as a parameter.
Let ς l j and w l j denote the dimensionless time and location of the jth waypoint of spacecraft l. The spacecraft velocity at this point is v l j = u l j /T , where u l j = ∂r l /∂ς(ς l j ). Using Eq. (4), it can be shown 4 that the µ energy optimal problem with collision-avoidance constraints can be reduced to a quasi-quadratic optimization problem in terms of w l j , u l j :
Hence a quadratic performance index minimum is sought subject to time-varying quadratic inequality constraints. The time dependency of the constraints is simple, being given by piecewise polynomials of degree 6. This structure of the problem facilitates the development of very efficient numerical algorithms, as shown next.
C. Numerical Solution
A sequential algorithm to approach (5) is proposed: first solve the collision-avoidance problem, and then minimize J µ , making sure that the collision-avoidance constraints (2) are satisfied.
D. Collision-Avoidance Problem Solution
The collision-avoidance problem is to find x such that
For
and ς lm * be the corresponding dimensionless time. Next we build a penalty function P(x) based on the violating constraints:
where (l, m) is a constraints violating pair. A change in x is made along the gradient of P,∇ P = 0:
Then P(x + ) can be expressed as a quadratic function in α:
where P = P(x), H ≤ 0 is half of the Hessian of P(x), and ∇ P is the gradient of P(x). Next we solve P(x + ) = 0 for α, yielding
and select α of minimum absolute value. At the next step we update the penalty function and iterate until convergence is obtained (no constraints are violated), the number of iterations allowed is exceeded, or the norm of x variation between two consecutive steps is smaller than the allowed tolerance.
E. Minimization of J µ
After the spacecraft have been separated through successful application (i.e., convergence obtained) of the separation algorithm, we can further minimize J µ taking care that the collision-avoidance constraints are satisfied. Because J µ is quadratic in x, a gradientbased procedure, in which the next value of x is determined by
is indicated for this purpose. An important issue in this process is the determination of the step size s based on the collision-avoidance constraints. The procedure described next has proven very efficient in our applications.
Consider an arbitrary pair of spacecraft l and m, and determine the corresponding minimum distance between them d min . Let ς c be the corresponding dimensionless time. Let x + = x + sn, and approximate the corresponding minimum distance square by
(This is where the approximation takes place.) Next we set d
yielding
The decision process is as follows: if 0 < s 2 < 1, set s lm = s 2 ; else if 0 < s 1 < 1 set s lm = s 1 . In any other cases set s lm = 1. This process is performed for all spacecraft pairs, and s is selected as s = min l,m s lm . The collision-avoidance constraints are tested at s; if they are violated, set s = s/2, and iterate until there is no constraints violation.
We remark that all algorithms presented herein exploit the fact that their objective functions are quadratic in x, making the application of gradient-based algorithms extremely efficient. Also they do not involve complex computations because, for example, the gradients are computed analytically and are not numerically approximated.
IV. Examples
We present an example of the application of the preceding methodology to a three-dimensional reconfiguration problem, coined the "swapping cube." In this scenario eight spacecraft placed at the corners of a cube of 10 m side length must swap places simultaneously. The maneuver is rest to rest, with R l = 1 m, µ l = 0.125, l = 1, . . . , 8.
The unconstrained energy optimal trajectories are lines cubic parameterized by time. If these are used, all 28 collision-avoidance constraints are violated simultaneously. To apply our methodology, we select intermediate waypoints heuristically, M l = 1, with
Application of the methodology yielded a collision-free solution in 19 iterations. The ratio between this solution's µ energy and the µ energy corresponding to the unconstrained problem is 1.306, showing that 30.6% more energy is required to avoid collisions.
The trajectories obtained are shown in Fig. 1 , and the time histories of the distances and accelerations in Figs. 2 and 3 , respectively. They indicate that the collision-avoidance constraints are always met and that the accelerations are continuous.
V. Conclusions
The energy suboptimal collision-avoidance reconfiguration methodology for formation flying in deep space proposed herein is characterized by several important features. First, the spacecraft trajectories are parameterized using C 1 piecewise cubic polynomials, which are energy optimal for each individual spacecraft for a given sequence of waypoints. Second, the problem is cast as a quasi-quadratic optimization problem for which efficient numerical algorithms are developed. Third, the collision-avoidance constraints are approximated in such a way that closed-form solutions for the collision-avoidance problem are obtained. Fourth, gradient-based algorithms in which the gradients are computed analytically are developed. Because of these characteristics, the resulting methodology yields fast solutions even when applied to large-scale, complicated, collision-avoidance problems.
